13. Fuzzy Cluster Analysis

* Classification of a given dataset X={x,, ..., X, } into ¢ clusters.

* The membership degree of datum x; to cluster c; 1s u;;.

* A cluster 1s defined by its prototype [3..

* Minimization of the following objective function:
J(X,U,B) :Z Z u;n d2 (Bi?Xj)
i=1 j=1
with respect to

c
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Computation of a Classification

A classification is obtained by alternating optimization:

Let X = {X,, X,,..., X} be a dataset and ¢ the number of clusters.

Choose ¢, €.
Initialize the membership degrees uij of data to clusters.

REPEAT
Compute the clusters B={f,,..., .} to minimize the given
objective function J(X,U, B).
Compute the membership degrees U={u,,,...,u_,} based on

the new clusters.

UNTIL the change of membership degrees U is less than €.
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Fuzzy C-Means Algorithm

* Computation of clusters and membership degrees:

n
S u,x
y-J
— 1
ij 1

J
2.1 : [d%c,.,xk)]"“
j=1

d*(c;,x,)

C. =

l

k=1

* shape of all clusters 1s equal (common: spherical clusters)
* size of all clusters 1s equal

* widely used

Fuzzy C-Means algorithm searches for equally large clusters in

form of (hyper)balls IS‘
101 uzzY



Examples

o
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-1.70116E 5.910727

-0, 754436 7.906130
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Fuzzy Cluster Analysis

Fuzzy C-Means: simple, looks for spherical clusters of same size, uses
Euclidean distance

Gustafson & Kessel: looks for hyper-ellipsoidal clusters of same size,
distance via matrices

Gath & Geva: looks for hyper-ellipsoidal clusters of arbitrary size, distance
via matrices

Axis-parallel variations exist that use diagonal matrices (computationally
less expensive and less loss of information when rules are created)

EURO
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Improvement by Gustatson and Kessel

Transformation of the distance function d for each cluster with a
symmetric, positive definite matrix A..

2 T
d (/Bi,xj):(ci_xj) Aj(e;—x;)
Computation of A,
1

A;=(p;det(S;)?s;

. i m T
Si—Zuij (x;—¢;)(x;—¢;)
j=1

det(A,)=p avoids the trivial solution A.=0.

The Gustafson-Kessel algorithm searches for hyper ellipsoidal

clusters of fixed size.
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Improvement by Gath and Geva

Idea: The dataset 1s interpreted as a realization of a collection of
p-dimensional normal distributions.

The distance of a datum to a cluster is inversely proportional to the
a-posterior possibility that a datum is the realization of the i
normal distribution.

I (px )20 Jdac p(< e)C (5, c)

The algorithm searches for hyper ellipsoidal clusters of
arbitrary size.

EURO
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Examples
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Noisy data and Outliers

Approaches to deal with noisy data:

. Possibilistic clustering
Noisy data and outliers can be assigned to none cluster

Neglection of restriction:

Zlczl Ml] =1 \VI] & {1,...,” }

. Noise cluster

Noisy data and outliers are assigned to an extra cluster.

. Combination of noise clustering and possibilistic clustering

EURO
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Possibilistic Cluster Analysis

Minimization of the following objective function:

J(X,U,,B)Z ZC: fui]mdz(ﬂi,xj)—l_ ZC:UZ' i(l_ulljnyn

i=1j=1 i=1  j=1

with respect to

n
> u
]:

<:

=1
Computation of membership degrees:

1
ij 1

) 42 (ﬂi,x j)m—l
7 i

1
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Cluster Validity

Judgement of classification by validity measures.

To determine the number of clusters, the algorithm is executed several
times with a changing number of clusters. The best solution is chosen.

Validity measures are based on several criteria, e.g.:

membership degrees should be nearly 0 or 1,
e.g. partition coefficien t (PC), PC = lz; Zj_luijz
n="r N

compactness of clusters,

e.g. average partition density (APD), APD = _Z C jeY; "y
C

| i=1 \/det (4,)

where Y; = {jeN,anHc,-—xj)TAi(ci—xj)<1J

separation of clusters,

EURO
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Fuzzy-Clusteranalyse mit Data Engine

|DataEngine - Unbenannt

=1k

Datei  Bearbeiten Graphik Daten  Optionen  Eenster  Hilfe
D= &l = s8] | =l |8l | =)
2 Unbenanntl MEES| |EUnbenanntb
Ausgahe
cluster.dl Jatenedito
Eingabe Sl
Datei (AR Ausgabe
Ibeliclt Jatenedital
- Ausgabe
validity di %Jatenedito
EJUnbenannts
1.0
? ? Class 1 Cl:
1 4,000 2.000 0,000 0.0
2 3.400 2,100 0,000 ' |ﬁ| |ﬂ||
3 4,500 2.000 0,000
4 4,000 2.600 0,000 |
[l
5 4,000 1.600 0,000
6 3.700 2.200 0,000
N - N =
0 1}
Ll 1,800 2,600 0,100
DataEngines |v  zn oo [
2,000 2,600 0100 |2 :
Version 2.1 2,100 2,600 0,100 |3 00 LA
© 1997 MIT - ien GmbH, Germany
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FCLUSTER: Tool for Fuzzy Cluster Analysis

[] FDA-Tool - Version 1.2h [#] sincos.inp 1 2l ]
Connection & Cao, Inputaobject ClilE &ml Iﬁml M
; . Rl: if inputl is and inputz iz _| ! then output iz _|
incoz, inp
sincns,inp_/é 1 0,008 1,114 4,670 6,228 =0,037 0,860
GG_parallel
R2: if inputl i= and input? is _B; then output iz
0,027 0,582 1,626 4,735 0,526 0,200
sifcos, inp
sincos, inp meiil] \
1 R3: if inputl is and inputz iz _| then output iz _|
0,001 2,549 0,00l 0,627 0,373 1,010
Rd: if imputl iz || and input? is _| l then output iz _l
1,081 2,629 4,607 6,234 -1,345 0,923
[#] sincos.inp 1 GG_parallel RS: if inputl iz | and input? is | by then output is |
0,001 0,110 0,100 B,220 =0,087 0,109
=]
RE: if inputl i= _| and input? is _| l then output iz _‘
1,508 1,601 5,691 B,209 0,823 0,938
Ry if inputl is | and inputz iz _| Y then output iz _|
3,000 3,101 D004 6,243 -0,088 0,146
RE: if inputl iz [ % and inputZ iz _| then output iz l
0,503 2,536 0,610 1,659 —0,306 0,437
R3I: if inputl is _| and inputZ iz _| b then output is J
1.036 2,603 2,130 4,218 =1.,000 -0, 268
EURO
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Resources

F. Hoppner, F. Klawonn, R.Kruse, T. Runkler:

FUZZY

. CLUSTER
Fuzzy Cluster Analysis ANALYSIS

Wiley, Chichester, 1999, ISBN: 0-471-98864-2

Software Tools:

http://www.fuzzy-clustering.de
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