6. Fuzzy Relations

Example 6.1
{(x1, X2)€X?| x;=x,}  equality
L:XxX—[0,1], for all xe X: w(x,x)=1, fuzzy equality

Def. 6.2

A fuzzy relation R on XxY 1s defined by a membership function
g : XxY — [0,1].
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Example 6.3

S={s1, s2, S3, S4}, H={hy, hy, hs}

Crisp Relation

Fuzzy Relation:
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Def 6.4

If A 1s a fuzzy set on X and B 1s a fuzzy set on Y, then we define the
fuzzy cartesian product C=A®B by:

Hc: XXY—)[Oal]a where HC(aab):min(“A(a)a “B(b))

Remark 6.5

a) Every fuzzy cartesian product is a fuzzy relation.

b) Not any fuzzy relation R on XxY i1s the cartesian product of 2 fuzzy
sets A on X and B on Y. There are fuzzy sets A and B with REA®B

¢) Every method defined for fuzzy sets can be studied for fuzzy
relations as well. (Intersection, operator definition etc.)
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Definition 6.6

a) RcXxY, ScYxZ:
ReScXxZ Concatenation of R and S,
(x,z) € ReS <& JdyeY:{(x,y)eR and (y,z)eS}
b) RcXXY : RlcYxX inverse of R,
(x,y) € R < (y,x) e R
c) LetR be a fuzzy relation on XxY, S a fuzzy relation on Y xZ, then

the concatenation of R and S ReS is a fuzzy relation on XxZ,
defined by:

HRes(X,2) = SUpyey {MIn(Hr(X,Y), Us(Y,2)}
d) pp-t YXX —=[0,1], pp o1 (7,X)= pr(X,Y)
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Example 6.7

1 0,2 O
1 0
B 01 1 O 09 1
HR = 0 o1l Hs =Y,
0 09
0 03 1
Theorem 6.8

a)  (URres)o= (UR)o®(Ms)a 020

b) (ReS)e]=Re(Sel)

c) Re(SUT)=(ReS)U(ReT)

d) Re(SNT)c(ReS)N\(ReT)

e) (ReS)'=S"'eR™

f) (RUS)'=R'US?, (RNS)'=R'~S™
g) (R)'=R

h) RcCS={ReTcSeT, TeRCTeS}

HReS =

0,9
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0,3
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1
1

0,9
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Def. 6.9
Let R be a fuzzy relation on X;xX,xX3.
7R 1s a projection from R on X, with

M R (@)= sup {ﬂR (21,22, %3 )}
(x1,X7,%3 )€ X x Xy x X5 R (X1 ,%5 ,X3 )=a
M R (a)= sup  {up(a,x;,x3))

XZEXZ ,X3€X3

Def. 6.10
Let R be a fuzzy relation on X;xXs.

73R1s a cylindical extension from R on X;xX,;xX3, with
Mz R (21,22, %3) = g (x1,%7)

Def. 6.11
A fuzzy relation RCX;x X,x...xX,, 1s separable, if
R=mR®OM,RX...807,R holds.
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Example 6.12

Fuzzy Relation




